Stochastic parameterizations are used in numerical weather prediction and climate modeling to help improve the statistical distributions of the simulated phenomena. Earlier studies by [4] and [5] have shown that convergence issues can arise when time integration methods originally developed for deterministic differential equations are applied naively to stochastic problems. In particular, the numerical solution can cease to converge to the physically relevant solution. In addition, [4, 5] demonstrated that a correction term to various deterministic numerical schemes, known in stochastic analysis as the Itô correction, can help improve solution accuracy and ensure convergence to the physically relevant solution without substantial computational overhead. The usual formulation of the Itô correction is valid only when the stochasticity is represented by white noise; in contrast, the lack of scale separation between the resolved and parameterized atmospheric phenomena in numerical models motivates the use of colored noise for the unresolved processes. In this study, a generalized formulation of the Itô correction is derived for noises of any color. It is applied to a test problem described by a diffusion-advection equation forced with a spectrum of fast processes. We present numerical results for cases with both constant and spatially varying advection velocities to show that, for the same time step sizes, the introduction of the generalized Itô correction helps to substantially reduce time-stepping error and significantly improve the convergence rate of the numerical solutions when forcing in the governing equation is rough (fast varying); alternatively, for the same target accuracy, the generalized Itô correction allows for 1 arXiv:1904.08550v1 [math.NA] 18 Apr 2019 the use of significantly longer step size and hence helps to reduce the computational cost of the numerical simulation.
Introduction
State-of-the-art weather, climate, and Earth system models simulate the time evolution of atmospheric motions by solving a set of differential-integral equations. The atmospheric processes (i.e., motions and/or phenomena) that have significant impact on the large-scale flow motions but cannot be resolved by the computational mesh are described by the physics parameterizations. These parameterizations provide forcing terms on the right-hand side of the resolved dynamics equations [8] .
In recent years, stochastic parameterizations have become an active area of research (see review by [1] ). The fundamental principle behind the stochastic formulation is that the state of the unresolved processes at any instant is not entirely determined by the state of the resolved processes. Thus, an element of randomness needs to be introduced to account for this indeterminacy. This randomness can act as a source of roughness in the temporal evolution of the governing equations' right-hand-side terms as well as in the evolution of the solution. Deterministic time-stepping schemes used in numerical weather prediction and climate projection models, however, typically assume temporal smoothness of the underlying solution. When such schemes are applied naively to stochastic parameterizations, the conditions for solution convergence might no longer be satisfied.
As shown in [4] , the convergence issue can be investigated through the use of tools from stochastic analysis (see e.g. [9, 7] ). In particular, for the cases when an unresolved process is replaced by a rough random process (e.g. white noise), it is not difficult to construct examples for which popular deterministic numerical schemes, except for special cases, will no longer converge to the physically relevant solution. Multiple examples relevant for atmospheric modeling can be found in the paper of [4] . Here, "physically relevant solution" refers to the one corresponding to ordinary calculus (see discussion below).
The mathematical reason for the lack of convergence is that when we replace an unresolved process with white noise, the equations describing the phenomena under investigation make sense only in integral form (not in the usual differential form). The integral form of the equations contains a temporal integral of an expression involving the white noise process. If we try to estimate such an integral through a limiting process involving progressively refined subintervals, different answers will result depending on the manner we choose to discretize the interval of integration. The two most popular choices for discretizing the integral are: i) using the left endpoint of each subinterval (which leads to the Itô integral or Itô interpretation) and ii) using the middle point of each subinterval (which leads to the Stratonovich integral or Stratonovich interpretation). For the physical systems the weather and climate researchers are attempting to model, the physically relevant solution alluded to in the previous paragraph is the one corresponding to the Stratonovich integral.
This is because when a sufficiently small time period is simulated using sufficiently fine resolution, the evolution of the atmospheric motion is expected to be deterministic and to follow the basic principles of physics. In other words, the future state of the system depends on its current state; the solution of the atmospheric equations is expected to be the Stratonovich solution. This is unlike the evolution of e.g., economy or population, where there exist aspects of the future evolution that cannot be fully determined by the current state of the system. The Itô interpretation of the time integral and the Itô solution of the stochastic equation are more suitable for the latter case.
It is important to note that most of the popular time-stepping schemes designed for deterministic problems will converge to the Itô solution when applied to stochastic problems driven by white noise [7] . In other words, naively describing an unresolved process by white noise and solving the stochastic equation with a deterministic numerical scheme can lead to erroneous results even in the limit of infinite temporal resolution. Fortunately, the Itô and Stratonovich interpretations are related, and this relationship can help recover, at least to some extent, the convergence of deterministic numerical schemes to the physically relevant Stratonovich solution. The connection between the two interpretations comes in the form of a correction term called the Itô correction. When added to the equation under the Ito interpretation i.e., using the left endpoint for time integral, the correction term results in a Stratonovich solution.
While the above-mentioned Itô-Stratonovich correspondence is a basic concept in stochastic analysis, the widely known form of the Itô correction applies only to the case of white noise. A key feature of the white noise is that it has zero auto-correlation (and hence no memory) at any scales. Given the typical time step size of seconds to an hour in weather and climate models, some parameterized processes (e.g., turbulence and cumulus convection) can have characteristic time scales equivalent to multiple time steps. It is therefore plausible that colored noise can provide a better description of such processes.
A fundamental difference between colored noise and white noise is that colored noise is in principle resolvable while white noise is not. In other words, if one could use small enough step sizes, there would be no distinction between the Itô and Stratonovich interpretations for the case of colored noise. All deterministic numerical schemes will eventually converge to the Stratonovich solution. But even in simple examples, the step sizes below which one can recover convergence to the Stratonovich solution can be prohibitively small, let alone the very complex and expensive systems encountered in weather and climate prediction. As a result, for realistically affordable step sizes, the dichotomy between Itô and Stratonovich interpretations practically exists and needs to be addressed also for the cases of colored noise.
Another point worth mentioning is that, as [4] and [5] have pointed out, certain deterministic numerical schemes (e.g., the second-order Runge-Kutta scheme) have a Itô correction already "built-in" and hence perform better for stochastic problems. Such schemes are typically multi-stage schemes which require multiple evaluations of the right-hand side of the governing equations, making them very expensive for weather and climate models. The Itô correction, in contrast, allows for the use of an Euler forward scheme complemented by a correction constructed only for the stochastic term, and hence can be cost-effective.
For this reason, we present in this paper a generalization of the Itô correction that is valid for noises of any color. We use an advection-diffusion equation with constant or spatially varying advection velocity to demonstration that, for both white and colored noises, the generalized Itô correction can accelerate convergence to the Stratonovich solution when added to the Euler forward scheme. We demonstrate that improved convergence means higher accuracy for the same step size or, alternatively, larger step size (and hence lower computational cost) for the same target accuracy.
The remainder of the paper is organized as follows: Section 2 presents the derivation of the generalized Itô correction. Section 3 contains numerical results (supplemental details about the derivation and the numerical results can be found in the Appendix). Finally, Section 4 contains a discussion of our results as well as suggestions for future work.
Derivation of the generalized Itô correction
We consider the following deterministic differential equation
where D[u] and P[u] are the resolved dynamics and parameterized physics, respectively. Here we focus on the special case where P[u] takes the form
If the time scales associated with H(t) are substantially shorter than the time scales of D[u], we can approximate P[u] by its stochastic counterpart
The deterministic equation (1) becomes stochastic:
Without loss of generality, we assume EṘ(t)] ≡ 0, where E[·] denotes the mean of the independent realizations. If E[Ṙ(t)Ṙ(t )] = δ(t − t ) where δ(·) is Dirac's delta function, thenṘ(t) becomes white noise and R(t) is a Wiener process [9] .
Due to the roughness of R(t), Eq. (4) only holds formally because the derivative of a noise might not exist.
Let us take the integral over an arbitrary time window (t 1 , t 2 ) on both sides of (4) and use a discrete approximation for the integral of P s [u]:
where t * j is the discretization point, i.e., the instant within the interval ∆t j where the value of P s [u] is evaluated for numerical integration.
In the white noise case, when R = B, the Wiener process, the choice of discretization point for the integral can lead to different values of the integral [9] . The two most popular choices are defined as
where t * j = t j (left endpoint), and
where
(midpoint) and ∆B j = B j+1 − B j . Because the physical processes represented by the deterministic equation (1) are assumed continuous, the Stratonovich integral should be used in our case [9] .
It is well known in stochastic analysis (see e.g., [9] ) that in the white noise case, the Stratonovich integral can be written as the sum of an Itô integral and a correction term called the Itô correction. Below we show that the same is true for colored noise, although the Itô correction needs to be generalized.
For
, performing a Taylor expansion of g u(t * j ) about t j and expressing ∂u/∂t using Eq. (4) gives
where ξ ∈ (t j , t j+1 ). For small ∆t, we writė
Hence, Eq. (9) can be approximated as
For small ∆t, one can neglect the second and fourth terms on the righthand side of Eq. (2) but, in general, not the third term. Therefore Eq. (5) becomes
The mathematical expectation of the last term in Eq. (2) is
the exact form of which depends on the formulation of R. Expression (13) is the generalized Itô correction in its integral form. For example, for the Wiener process we have
hence (13) becomes
which is the integral form of the traditional Itô correction (see e.g. Section 3.3 in [9] ). We want to make three remarks concerning the derivation of the generalized Itô correction (13). First, there is an alternative way to derive the generalized Itô correction. In particular, under the assumption that the correlation time of the noise is short, one can employ the expansion devised by Stratonovich (see Section 4.8 in [10] ), through which a stochastic equation driven by colored noise can be rewritten as an effective stochastic equation driven by white noise. Then, one can compute the traditional Itô correction for the resulting white noise driven equation.
Second, the Itô correction, in its traditional or generalized form, can be interpreted as a memory term encountered in model reduction formalisms (see e.g. [2] ). By using as discretization point the left endpoint of each interval, the Itô interpretation of the stochastic integral makes the evolution of the stochastic processṘ(t) independent of the solution u(t). The Itô correction serves as a way to account for the interaction ofṘ(t) and u(t), similar to the role played by memory terms in model reduction which account for the interaction between resolved and unresolved variables.
Third, if we consider as a discretization point for the integral the combination (1 − λ)t j + λt j+1 , where 0 ≤ λ ≤ 1, we obtain a generalization of (13) given by
This is the generalization of the correction formula for white noise that is found in [4] (see also Section 3.5 in [7] ). Note that the case λ = 0 corresponds to the Itô interpretation and we recover (13). The case λ = 1 2 corresponds to the Stratonovich interpretation and the correction vanishes.
Numerical Results
In this section, we use a numerical example to demonstrate the impact of the generalized Itô correction. We consider the following stochastic differential equation
with initial condition u(x, 0) = u 0 (x) and periodic boundary conditions on [0, 2π]. In the context of atmosphere modeling, the first two terms on the right-hand side represent the resolved dynamics and the last term represents fast varying physics parameterizations. When the parameter is set to 0, we recover the advection-diffusion equation discussed in [4] . Following that work, we have chosen c = 1, µ = 0.1 and g(u) = ρ ∂u ∂x . The stochastic noise process n(t) is also the same as described in Appendix A of [4] (see also Appendix A here). For our choice of g(u) and n(t), the generalized Itô correction is given by
We note that even though we write here the Itô correction in real space, the calculation of the expression for the correction is done in Fourier space after expanding the solution of Eq. (17) in Fourier series and transforming Eq. (17) into a system of stochastic differential equations.
The constant advection coefficient case ( = 0) was studied in [4] . The magnitude of the spatially dependent perturbation 2 cos(x) in the advection coefficient is controlled by the parameter . We start with the case of constant advection coefficient i.e., = 0. In Fourier space we have,
whereû k represents the k-th Fourier mode of u. We wish to examine how noise n(t) of different color (roughness) can affect the convergence of the simplest explicit scheme, namely the forward Euler scheme. In addition, we will demonstrate how the inclusion of the generalized Itô correction can help in restoring and/or accelerating convergence (see Appendix B.2 for details on the Euler scheme and the Itô correction for Eq. (17)).
The discretization of Eq. (19) with the Itô correction included is given bŷ
where n(t j ) is the colored noise at t = t j and I is the Itô correction term specified in Appendix A. The Itô correction for the k-th Fourier mode is given by
Figure 1(a) (which appears also in [4] ) shows the effect of different color noises on the convergence of the Euler scheme without the Itô correction for the case = 0. We plot the L 2 error of the numerical solution with respect to the analytical solution at time t = 2. The error is defined as
where u(x, t = 2) is the analytical solution and v(x, t = 2) is the numerical solution at time t = 2 (the analytical solution can be found in Appendix B.1). We plot the average error over 100 realizations of the noise process. The error bars denote the standard deviation around the average. We used the initial condition u(x, 0) = cos(x). Because = 0, the equations for the evolution of the Fourier modes are decoupled. Thus, only the Fourier modes with k = ±1 are needed to represent the solution. We make two observations. First, for the case of white noise (α = 0, purple line), the Euler scheme without the Itô correction fails to converge to the analytical solution no matter how small the stepsize. On the contrary, it converges to the Itô solution [7] . Second, for the case of colored noise (α = 0, blue, green, orange and red lines), the Euler scheme without Itô correction will start converging to the analytical solution with order 1 (as predicted by deterministic numerical analysis [3] ) when the stepsize becomes smaller than some critical stepsize which depends on the color of the noise (value of α). The more red is the noise (larger α), the larger is the critical stepsize (see also [4] for a discussion and estimation of the critical stepsize). Figure 1(b) shows the effect of including the Itô correction on the convergence of the forward Euler scheme for noises of different color. We want to make again two observations. First, for the case of white noise (α = 0, purple line), the Euler scheme with the Itô correction does converge to the analytical solution with order 1/2 (see [6] for an explanation of this convergence rate). We note that this numerical result was mentioned in [4] although not illustrated by any graphic there. Second, for the case of colored noise (α = 0, blue, green, orange and red lines), the Euler scheme with the generalized Itô correction starts converging to the analytical solution with order 1 for larger stepsizes than the Euler scheme without the Itô correction. Thus, the addition of the Itô correction can help restore and/or accelerate convergence of the forward Euler scheme for the case = 0. We continue with the case of a spatially-dependent advection coefficient with = 10 −3 . We have chosen a small value for because we use the forward Euler scheme which is explicit and only 1st-order. As such, it needs a very large number of steps in order to reach the asymptotic convergence regime for larger values of . This is due to the need to resolve steepening gradients due to the oscillatory nature of the spatial perturbation of the advection coefficient. Moreover, the cost of evaluation of the noise n(t), which depends quadratically on the number of timesteps, becomes very large. Figure 2(a) shows that for the case of white noise (α = 0, purple line), the forward Euler scheme without the Itô correction fails to converge to the analytical solution as expected (the analytical solution can be found in Appendix B.1) . Figure 2(b) shows how the inclusion of the Itô correction can restore convergence with order 1/2. We note that the standard deviation bars around the mean appear larger than in the case with = 0 because of the logarithmic scale of the plot. For the case of colored noise (α = 0), the use of the generalized Itô correction again accelerates the establishment of the order 1 convergence regime predicted by deterministic numerical analysis.
Conclusions
Stochastic parameterizations are increasing in popularity in numerical weather prediction and climate modeling as a way to improve the statistical representation of the studied phenomena. Naive implementation of such parameterizations with deterministic numerical schemes can cause serious convergence issues. Such issues can be alleviated by the addition of certain correction terms (known as the Itô correction in stochastic analysis) to the deterministic numerical schemes. However, the Itô correction was originally derived only for the special case when the stochastic process is represented by white noise. For numerical weather prediction and climate modeling it will be useful to have the option to properly handle colored noise.
We have derived a generalized Itô correction for the case of colored noise and applied it to a test problem of an advection-diffusion equation driven by noise of different colors. Our results indicate that the generalized Ito correction can substantially reduce the time-stepping error, significantly improve the convergence rate of the numerical solutions and allow for the use of significantly longer step sizes.
While our derivation started from a stochastic differential equation, the fact that colored noise is in principle resolvable by sufficiently small step sizes implies that the generalized Itô correction can also be useful for deterministic problems for the purpose of improving solution convergence, accuracy, and efficiency. Compared to higher-order schemes like the Runge-Kutta family, the Itô correction is less costly in terms of computing time; compared to implicit methods that may provide better stability, the Itô correction is less intrusive in terms of the code modification it requires.
We plan to apply the current framework to more realistic atmospheric modeling problems, e.g. simplified versions of the atmospheric general circulation models or their parameterizations.
In addition, as was mentioned in the end of Section 2, we plan to exploit the connection between the Itô correction and memory terms appearing in model reduction formalisms.
Appendix

A Examples of the generalized Itô correction for colored noise
Let us denote the approximate random noise by n(t) following the notation in [4] . The difference between the approximate random noise n(t) and the real random noiseṘ(t) is thatṘ(t) would contain an infinite number of Fourier modes while n(t) only has a finite number of modes. Using the approximate noise n(t), we get the equation
The equation is stochastic in the sense thatṘ(t) contains coefficients that are randomly selected for each single realization of the simulation. On the other hand, once the coefficients have been selected,Ṙ(t) becomes a deterministic function and Eq. (22) becomes a deterministic equation for that single realization. We consider the case whereṘ(t) is approximated by
where N is the number of discrete time levels per unit time, a i and b i are independent and a i , b i ∼ N (0, 1), and α is a parameter controlling the color of the spectrum of n(t). We define
and
Note that ∆β j is an approximation to ∆R j . From the definition above of n(t), we find
Taking into account the independence among the coefficients a i and b i , we have
Also note that per construction, we have
for any i = 0, 1, . . . , N f . Therefore
The generalized Itô correction is
B Advection-diffusion equation with spatially dependent advection coefficient
We present here details for the analytical solution and the numerical approximation of the advection-diffusion equation with spatially dependent advection coefficient.
B.1 Analytical solution
Since we use periodic boundary conditions, we expand the solution u(x, t) in Fourier series u(x, t) = k∈Z F k (t) exp(ikx) and consider the following truncated system,
By multiplying with exp(−ikx) and integrating over [0, 2π] we obtain,
for k = N x , and
for k = −N x . In matrix form we have ∂F ∂t = AF,
where F = (F −Nx , F −Nx+1 , . . . , F Nx−1 , F Nx ) and the matrix A = ρn(t)H + D.
We have defined 
B.2 Euler scheme with Ito correction
Consider the case when the stochastic noise n(t) is given by Eq. (23). Using the expression Eq. (32) for the generalized Ito correction we can write the Euler numerical scheme with Ito correction as F (t) =F (t − 1) + ∆tDF (t − 1) + ∆t 2
+ ∆tρn(t − 1)HF (t − 1) for t = 1, . . . , N,
where G = Diag{−(−N x ) 2 , −(−N x + 1) 2 , · · · , −(N x − 1) 2 , −N 2 x }, and the Ito correction is given by ∆t 2 ρ 2 1
. The numerical solution in real space is given byũ(x, t) = kF k (t) exp(ikx).
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